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Abstract. Artificial apical extension in a soft robot, inspired by biological
systems from plant cells to neurons, offers an interesting alternative to move-
ment forms found traditionally in robots. Apically extending systems can move
effectively in some environments that impede traditional locomotion. Artificial
apical extension has been realized using a continuous stream of surface material,
thin-walled, flexible plastic, which is everted at the tip by internal pressure.
Understanding artificial apical extension as a form of movement requires a
model to describe and predict the capabilities of the system. Unlike many other
forms of movement, the model includes components that are dependent on the
previous path in addition to path-independent terms associated with actuation.
The model draws inspiration from biological models of apical extension and
mechanical models of compliant Bowden cable actuation, and is verified though
a series of tests on physical systems that isolate each term of the model.
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1 Introduction

Apical extension is a method of movement found in nature, and is not typically realized
in an artificial form. Movement by apical extension is defined by lengthening of a body
from a base with volume added almost exclusively at the most distal point. This
behavior can be seen in nature in individual cells, such as pollen tubes [1] and neurons
[2 ], as well as at larger scales, in trailing vines. We developed a system that achieves
artificial apical extension by passing circumferentially compacted material through the
core of the existing body in a continuous stream to the tip, where it is everted and
expanded. This is similar to the actuation used in everting toroidal robots, but leads to a
semi-permanent body deformation instead of a continuous reconfiguration [3]. The
movement of material is propelled by internal pressure pushing at the point of eversion
(Fig. 1). Material eversion has also been used in plant root inspired soil-penetrating
robots, but without significant length change of the system [4].

Artificial apical extension offers an interesting alternative to the various forms of
locomotion already found in bio inspired robotic systems [5, 6]. By achieving move-
ment through a semi-permanent extension of the body from the tip, apical extension
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allows movement of the most distal point without relative movement of the body with
respect to the environment. This allows movement in environments that would be
insufficient to support more traditional methods of locomotion (e.g. across a gap) or
would be detrimental to locomotion (e.g. across a very sticky substrate). The extension
of the body along the path creates the additional benefit of a conduit that can transfer
material or information.

While locomotion can continue as long as there is an energy source available [7],
apical extension, and other forms of movement by volume addition, are limited by the
material that needs to be added to increase the surface area. Both the availability of the
raw materials and the ability to transport those materials limits the extension of the
system. This tradeoff means that while movement by extension can access a wide
variety of environments, the range of movement it can achieve will be limited by the
path taken. Thus, to understand the capabilities of a pressure-driven extending soft
robot, we developed a model that relates the driving force of the soft robot to its
dynamic extension. The inherent compliance of the soft extending robot creates a
challenge for developing a simple model that describes the behavior sufficiently enough
in order to be useful for understanding the system.

Fig. 1. Implementation of artificial apical extension in a soft robot. A continuous stream of new
material is passed through the interior of the soft robot body and then is everted at the tip to
extend the existing soft robot body. The material is a thin walled plastic. Extension is driven by
the internal pressure.
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2 Modeling Apical Extension

The soft extending robot movement can be modeled as a quasi-static force balance due
to the low inertia of the system. The forces in this model can be broken down into the
driving force and the losses. The driving force of the system is the internal pressure
applied to the cross-sectional area at the point of eversion of new material. The losses
in the system can be further understood in two parts: losses due to the transport of new
material from the base to the tip, and losses due to the eversion process at the tip. This
breakdown fundamentally isolates the behaviors of the system to the losses that exist
regardless of path and the losses that are path dependent.

2.1 General Model Form

The form of the path-independent losses in the presented model have analogs in the
models of natural pressure-driven apical extension, while the path-dependent losses
have analogs in the governing equations of other compliant actuation methods. These
existing models give insight into a plausible overall model of soft apical extension in a
soft robot.

In plant cell expansion, the equation describing the expansion based on the driving
force, turgor pressure, is the Lockhart-Ortega equation, which relates the rate of volume
change to the difference between the turgor pressure and yield pressure [8]. A modi-
fication of this viscoplastic model of plant cell extension described by Green relates
pressure to a linear extension rate:

r ¼ u P # Yð Þn ð1Þ

where r is the linear extension rate, Y is the yield pressure below which no extension
occurs, P is the internal pressure, u is the extensibility, and n is a power term close to
unity [9]. The model describes a monotonically increasing relationship between pres-
sure and extension rate with an offset. For our model, we solve for internal pressure and
write in terms of forces, giving

PA ¼ YA þ 1
u
v

! "1
n

A ð2 Þ

where A is the cross-sectional area and v is the tip velocity, replacing the normalized
rate, r. This equation provides two terms in the quasi-static force balance, a yield
pressure and a velocity-dependent term.

This model of pressure-driven natural extension does not include path dependence.
It is suspected that path dependent losses will exist and the material transport in the soft
robot most closely resembles compliant Bowden cable actuation, where a cable is
pulled inside a flexible conduit. We therefore turn to this model for the path dependent
part of the model. In Bowden cable actuation, the path of the conduit determines the
tension loss based on a modified Capstan equation:
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Tout ¼ Tinel
L
R; ð3Þ

where Tout is the output tension, l is the friction coefficient, L is the length of the path,
R is the radius of curvature of the path, and Tin is the input tension [10]. This equation
describes an exponential relationship between tension and length. Increasing the cur-
vature, or decreasing the radius of curvature, causes the exponent to increase. In the
soft extending robot, tension is replaced by the force due to internal pressure. There are
some key differences between the soft extending robot and Bowden cable actuators that
make a direct application of the Capstan equation difficult. In our apical extension soft
robot, material being transported, although compacted, presses against the inside wall
of the conduit, so there will be additional friction forces due to keeping this material
compacted. In addition, the axial stiffness of the soft extending robot is much lower
than even a compliant Bowden cable, so under compressive-axial loading, buckling
may occur in the system causing an absolute change in curvature that is not accounted
for by the Capstan equation. We therefore expect an exponential fit versus curved
length with an additional term accounting for the length-dependent normal force
applied by the internal material. The modified, Capstan-based model of the path
dependence is:

PA ¼ lswL þ Ce
lcL
R ð4Þ

where P is the pressure needed to extend, A is the cross-sectional area at the point of
eversion, C is a coefficient based on the exponential fit, lc is the coefficient of friction
due to curvature, R is the radius of curvature, L is the length of the soft robot path, ls is
the length-dependent friction coefficient, and w is the normal force exerted per unit
length. This path-dependent model accounts for both the curvature factor (first term)
and the length-dependent normal force factor (second term). This model accounts for a
single constant curvature path. However, in the full model, each curvature in the path
requires its own term, leading to a sum over the curved lengths.

Combining the path-dependent terms (Eq. 2 ) and independent terms (Eq. 4), the
full hypothesized model of the quasi-static force balance becomes

PA ¼ Path Independent½ ( þ PathDependent½ (

PA ¼ YA þ 1
u
v

! "1
n

A

" #

þ lswL þ
X

i
Ce

lcLi
Ri

h i
; ð5Þ

which describes an input force due to pressure as the sum of a yield term, a
velocity-dependent term, a path-length-dependent term, and a curvature-dependent
term for each curvature in the path.
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2.2 Model Components and Experimental Parameter Identification

The form for this model was verified through a series of experiments to isolate each of
the components and find the relationship to internal pressure. Each component was
mitigated by lessening the contributing behavior of the soft robot, to eliminate that
component’s effect on the force balance and leave only the effect of the component
being tested. However, terms associated with eversion regardless of speed were present
in all results involving extension of the soft robot. In each test the soft extending robot
was constructed of thin-walled polyethylene tubing (50–80 µm wall thickness, Elkay
Plastics) pressurized with air.

Path Independent Losses. Hypothesized path-independent losses (Eq. 5) include
static and velocity dependent terms as derived from a modified Lockhart-Ortega
equation.

Static Extension. The static extension term was tested independently by slow extension
over short straight sections, which mitigates velocity, length, and curvature dependen-
cies. To determine whether the static term is a yield force or yield pressure, and under
what conditions the term changes, the soft extending system was extended into a slanted
gap. The yield force is related to the yield pressure through the cross-sectional area,

Fy ¼ YA: ð6Þ

Thus, by modifying the cross-sectional area, the yield force and pressure were iden-
tified independently. During the test, the pressure was increased incrementally until
extension began. The soft robot extended until the pressure ðPÞ was no longer above
the pressure needed to overcome the static term, due to the decreasing gap area.
A measurement was made of the achieved gap height ðhÞ and the pressure was
incremented to begin extension again. This process was continued until 80% of
bursting pressure was achieved. For a gap between two flat surfaces, we estimate the
cross-sectional area as a shape with the height of the gap while maintaining the cir-
cumference of the free inflated tube. This results in:

A ¼ p
4
h2 þ p r # h

2

! "
h ð7Þ

where A is the cross-sectional area of the soft robot body within the gap, r is the free
inflated radius of the soft robot body and h is the gap height.

The results of the experiment for soft extending robots with a wall thickness of
80 µm and three different values of r, 1.3 cm, 2 .4 cm, and 4.0 cm, are shown in Fig. 2 .
The data shows a linearly proportional relationship between inverse cross-sectional
area and pressure, indicating that there is a constant yield force related only to the
eversion of new material at the tip – yield force is independent of the cross-sectional
area that the driving pressure acts on. The value of the yield force, the minimum
applied force needed to extend, for our system was calculated to be 5.9 N.
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Velocity-Dependent Extension. The velocity dependency was measured in a test over a
short straight section. As already discussed, we do not expect this test to separate the
rate dependency from the static yield term, but the velocity dependency should be
isolated from the path-dependent terms. A soft robot body, with a radius of 1.3 cm,
wall thickness of 80 µm, and length of approximately 1 m fully extended, was
extended without external resistance. A large pressure vessel was used to maintain a
constant pressure over the length of the extension, without restricting the flow. The
pressure within the vessel was increased to the test point pressure while the soft robot
body was prevented from extending by applying a force at the tip to stop material
everting. The soft robot body was then released, and the movement was recorded by a
high-speed overhead camera for a set of pressures between yield and burst pressure.
The average velocity of the movement was calculated from the video. The data, shown
in Fig. 3, follows the behavior of the modified Green equation (Eq. 2 ) with a yield
pressure and a monotonically increasing relationship between pressure and extension
velocity. The coefficients found for the model were a yield pressure, Y , of 13.3 kPa, an
extensibility, u, of 0.75 m

s kPa−n and a power term, n, of 1.1.
It is hypothesized that this viscoplastic relationship is due to losses arising from

material deformation during eversion at the tip, not losses due to fluid flow within the
body or flow limit at the input. Increasing the diameter of the valve providing flow to
the soft robot body had no effect on the rate of extension. Calculations of skin drag due
to turbulent fluid flow indicate that at the Reynolds numbers of the tests lengths of over
30 m and flow rates of 8 m/s would be necessary to see any significant pressure drop
over the length of the body. Conversely, when the thickness of the material was

Fig. 2. Experimental results for extension of a soft robot body into a slanted gap. Colors indicate
data from robots with different free inflated radii, r. The linear relationship between inverse
cross-sectional area and pressure indicates a constant yield force is present.
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modified, the yield and extensibility both changed, suggesting that material properties
determine the rate dependency.

Path-Dependent Losses. Hypothesized path dependent losses (Eq. 5) include path
length and path-curvature-dependent terms as inspired by the Capstan equation as used
in compliant actuation systems.

Length Dependency. A test was performed to find the relationship between pressure
required to extend and length. To isolate this phenomenon, a rigid tube with inner
diameter equal to the free inflated diameter was lined with the material of the soft
extending robot, and a DC motor pulled additional material of the same inflated
diameter and thickness through the interior at a constant speed. A normal force is
produced between the inner and outer material by the compacting of the inner material
to fit in the smaller diameter transport conduit. The resulting shear force on the rigid
tube due to friction was measured by a six-axis force sensor (ATI Nano17) mounted
between the rigid tube and stationary surface. The relationship between length of
material in the tube and force is linear as seen in Fig. 4. The data shown is for soft
extending robot material with an inflated radius of 2 .4 cm and wall thickness of 80 µm.
The value found for lsw was 0.8446 N/m. This value indicates that the length
dependency is small, as for each additional meter of length, the pressure required to
extend only increases by 1.9 kPa, which is 2 .7% of the bursting pressure.

Curvature Dependency. To determine the effect of curved paths on the losses, a soft
robot was extended between two curved surfaces at a slow rate. A soft extending robot
with inflated diameter of 2 .4 cm and wall thickness of 50 µm was used. The radius of
the test was set at 8.7 cm, 10.4 cm, and 14.9 cm, in order to give a range of radii
relative to the soft robot inflated diameter. Similar to the test to determine the yield
term, the pressure was increased until extension began and then held at that pressure.
When the soft robot could no longer extend at the current pressure, a measurement of

Fig. 3. Experimental results for unconstrained extension of a soft robot body at a constant
pressure. The data shows a similar viscoplastic model as seen in the Green equation for rate of
pressure driven extension in plant cells.
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the total length was recorded and the pressure was incremented again. The experiment
continued until either the max desired pressure or max desired length was achieved.

The results of this experiment (Fig. 5) show the expected exponential relationship
between curved length and pressure to extend, with an offset due to the yield force
term. The length-based losses are insignificant at the length of 1 m, so that term was
not included in the model fit to the data. Over the three curvatures tested, the losses
decreased as the radius of curvature increased, as expected. The value of the expo-
nential fit coefficient, C, was fairly constant across the different curvatures. However,
the friction coefficients, lc, varied between 0.141 and 0.088 over the curvatures tested.
In the unmodified Capstan equation, the friction coefficient is expected to be constant
across curvatures and the exponent would vary only based on the radius of curvature.
This result indicates that while a general exponential model fits the data well, more tests
will need to be done to fully understand the relationship between the path curvature and
the coefficients of the exponential term.

2.3 Model Implications

This preliminary model of pressure-driven artificial apical extension has important
implications for apical extension as a model for robot movement. The pressure required
for extension depends on the path taken as a combination of both length and curvature.
Apical extension is thus limited in the workspace that it can reach compared to other
methods for robotic movement. However, losses due to length are relatively small. This
result was tested with a maximum straight length extension, conducted at a slow speed
and with turns minimized. The soft robot reached a length of 72 m, only stopped by the

Fig. 4. Experimental results measuring the friction due to straight tube material transport. The
linear relationship matches with the predicted normal force proportional to length.
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size of the pressure vessel available to contain the new material at the base. Further, the
curvature loss results indicate that extension paths should keep the curvature of turns as
low as possible.

3 Summary

We presented a preliminary model of a bioinspired apically extending soft robot. The
quasi-static force balance model leads to understanding of the movement capabilities
and limitations of the apically extending robot as compared to traditional forms of robot
movement. The proposed model incorporates rate-based extension models from bio-
logical apically extending cells to describe the path-independent losses and a modified
Capstan equation from compliant Bowden cable actuation to explain the
path-dependent losses. Through separation of the model components, the full model
was verified for both path-dependent and path-independent terms. The model can be
further used to explain and predict the response of the soft extending robot as it moves
along different paths.

Acknowledgements. This work was supported in part by National Science Foundation grant
1637446 and the National Science Foundation Graduate Fellowship Program.

Fig. 5. Experimental results for constant curvature extension over three curvatures showing the
expected exponential fit between length and pressure. As the radius of curvature is increased, the
losses are decreased for the same length extension.
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